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Abstract

We give algebraic and geometric classifications of complex 4-dimensional nilpotent
noncommutative Jordan algebras. Specifically, we find that, up to isomorphism, there are
only 18 non-isomorphic nontrivial nilpotent noncommutative Jordan algebras. The
corresponding geometric variety is determined by the Zariski closure of 3 rigid algebras and
2 one-parametric families of algebras.
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Introduction
Algebraic classification (up to isomorphism) of algebras of small dimension from a certain
variety defined by a family of polynomial identities is a classic problem in the theory of non-
associative algebras. There are many results related to algebraic classification of small
dimensional algebras in varieties of Jordan, Lie, Leibniz, Zinbiel and other algebras. The
work was supported by RFBR 18-31-20004; FAPESP 18/15712-0, 19/00192-3. Another
interesting approach of studying algebras of a fixed dimension is to study them from a
geometric point of view (that is, to study degenerations and deformations of these algebras).
The results in which the complete information about degenerations of a certain variety is
obtained are generally referred to as the geometric classification of the algebras of these
variety. There are many results related to algebraic and geometric classification of
Jordan, Lie, Leibniz, Zinbiel and other algebras [1,4,6-14,16,17,19,20,22-55,27,33,38].
Noncommutative Jordan algebras were introduced by Albert in [3]. He noted that the
structure theories of alternative and Jordan algebras share so many nice properties that it
is natural to conjecture that these algebras are members of a more general class with a
similar theory. So he introduced the variety of noncommutative Jordan algebras defined by
the Jordan identity and the flexibility identity.
Namely, the variety of noncommutative Jordan algebras is defined by the following
identities:

x(yx) = (xy)x

X2 (yX) = (X y)x.
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The class of noncommutative Jordan algebras turned out to be vast: for example, apart from
alternative and Jordan algebras it contains quasiassociative algebras, quadratic flexible
algebras and anticommutative algebras. However, the structure theory of this class is far
from being nice.Nevertheless, a certain progress was made in the study of structure theory
of noncommutative Jordan algebras and superalgebras

(see, for example [5,26,34-37]).

In this paper, our goal is to obtain a complete algebraic and geometric description of the
variety of all 4-dimensional nilpotent noncommutative Jordan algebras over the complex
field. To do so, we first determine all such 4-dimensional algebra structures, up to
isomorphism (what we call the algebraic classification), and then proceed to determine the
geometric properties of the corresponding variety, namely its dimension and description of
the irreducible components (the geometric classification).

Note that, every 2-step nilpotent algebra is a noncommutative Jordan algebra

and the algebraic and geometric classification of complex 4-dimensional 2-step nilpotent
algebras can be found in [29].

Our main results are summarized below.

TheoremA.There are only 18 non-isomorphic complex 4-dimensional nontrivial nilpotent
noncommutative Jordan algebras, described explicitly in Appendix~A.

From the geometric point of view, in many cases the irreducible components of the variety
are determined by the rigid algebras, i.e., algebras whose orbit closure is an irreducible
component. It is worth mentioning that this is not always the case and already in [15],
Flanigan had shown that the variety of 3-dimensional nilpotent associative algebras has an
irreducible component which does not contain any rigid algebras --- it is instead defined by
the closure of a union of a one-parameter family of algebras. Here, we encounter a different
situation. Informally, although Theorem~B shows that there are three generic algebras and
two generic parametric families in the variety of 4-dimensional nilpotent noncommutative
Jordan algebras.

TheoremB. The variety of 4-dimensional nilpotent noncommutative Jordan algebras has
dimension 14. It is definded by 3 rigid algebras and two one-parametric

families of algebras, and can be described as the closure of the union of GL, () -orbits of
the following algebras (« (1):

3)(a) 1 ee =6 ee, =€, €,6=—0F,; £, =—¢,
3,(a) : eg =e, ee,=ae, e =-ae, ee,=¢,
7 - 66 =6 66 =€, 6,6 =616 €8 =6 &F =€ &F, =€,
~4 .
- 68 =€ 66 =6 €6 =—€ €8 =€ €F, =€, &8 =-F,
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~4 . _ _ _ _ _ _

Sig - 68 =6, B8, =6; 66, =€, €€ =€; €8, =€, € =€,

1. The algebraic classification of nilpotent noncommutative Jordan algebras

1.1. Method of classification of nilpotent algebras. Throughout this paper, we use
the notations and methods well written in [6, 21], which we have adapted for the
noncommutative Jordan case with some modifications. Further in this section we give some

important definitions.
Let (A; _) be a noncommutative Jordan algebra over [ and V be a vector space over

[ .The O -linear space Z° (A,V) is defined as the set of

all bilinear maps
O(x,yz)+6(z,yx)=0(xy, z)+6(zy,x)
O(xt, yz)+0(tx, yz)+0(tz, yx)+0(xz, yt)+0(zt, yx)+60(zx, yt) =
O((xt)y,z)+6((tx)y,z)+6((xz) y.t)+6((tz) y. x)+((2¢) y,t)+0((zt) y. x)

These elements will be calledcocycles. For a linear map f from Ato V , if we define
Of :AXA-V by O0f(X,Y)=f(Xy) , then feZ?(AV) . We define
BZ(A,V):{9:5f fe Hom(A,V)} . We define the second cohomology space
H?(AV) as the quotient space Z? (A,V )/BZ(A,V) :

Let AUL(A) be the automorphism group of A and let 8 e Z*(AV) . For 8eZ*(AV)
define the action of the group Aut(A) on H? (AV)by @0 (X, Y)=60(a(X),a(Y)) . 1tis easy
to verify that BZ(A,V) is invariant under the action of AUt(A): So, we have an induced
action of AUt(A) on H?(AV).

Let A be a noncommutative Jordan algebra of dimension M over [| andV be a [l -
vector space of dimension K . For & € Z?(AV), define on the linear space Ay =A@V the

bilinear product “ [, —] " by[X+X,, Y + yo]% =Xy +6(X,, Y,) forall X,y eAX;,Y,eV

. The algebra Ag is called an K -dimensional central extension of Aby V . One can easily
check that A, is a noncommutative Jordan algebra if and only if @ € Z*(AV).

Call the set Ann(d) = {X e A:0(A X) +0(x,A) =0} the annihilatorof & . We recall that
the annihilator of an algebra A is defined as the ideal AnNn(A)= {X e A:AX+XA= O}.
Observe that ANN(A,) =(Ann(6) N Ann(A)) @V .
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The following result shows that every algebra with a non-zero annihilator is a central
extension of a smaller-dimensional algebra.

Lemma 1.Let A be an N -dimensional noncommutative Jordan algebra such that
dim(Ann(A))=m=0 . Then there exists, up to isomorphism, a unique N—M -

dimensional noncommutative Jordan algebra A and a bilinear map @€ Z?*(A\V) with
Ann(A) M Ann(é’) =, where V is a vector space of dimension M, such that A= A, and
A A(A) = A .
Proof. Let A’ be a linear complement of ANN(A)in A. Define alinear map P:A— A by
P(X+V)=X for Xe A and Ve ANN(A) , and define a multiplication on A by
[X, y]A, =P(xy) for X,y € A.For X,Y € A, we have

P(xy) = P((x-P(x) + P(x))(y-P(y) + P(y))) = P(P(x)P(y)) = [P(x); P(Y)], .
Since P is a homomorphism P(A)=A is a noncommutative Jordan algebra and
A/ Ann(A) = A, which gives us the uniqueness. Now, define themap 6: A x A — Ann(A)
by O(%y)=xy-[x,y], . Thus, A, is A and therefore fe Z°(AV) and
Ann(A) N Ann(0) = .
Definition 2.Let A be an algebra and | be a subspace of Ann(A). If A= Ao @ | then | is

called an annihilator component of A.

Definition 3.A central extension of an algebra A without annihilator component is called
a non-split central extension.

Our task is to find all central extensions of an algebra A by a space V . In order to solve the

isomorphism problem we need to study the action of AUt(A)on H?(A,V). To do that, let
us fix a basis €,....,6of V , and O ¢ Z*(AV) . Then O can be uniquely written as

00,y) = 30, Y8,

where @eZ?*(AV) . Moreover, ANN(H)=Ann(g)Ann(4,) N...nAnn(b,) .
Furthermore, & € B(A\V) if and only if all § € B?(AV). It is not difficult to prove (see

[21, Lemma 13]) that given a noncommutative Jordan algebra Ag , if we write as above
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o(x,y) = i@l (x,y)e, € Z*(AV) and Ann(A) N Ann(e) =0, then A, has an annihilator

i1
component if and only if 6’1, 6’2 yoony 93 are linearly dependent in H? (A,V )

Let V be a finite-dimensional vector space over [J . The Grassmannian Gk (V) is the set of
all k -dimensional linear subspaces of V . Let GS(HZ(A,D )) be the Grassmannian of
subspaces of dimension $in HZ?(AV) . There is a natural action of AU(A) on
G,(H*(AL)) . Let ¢eAut(A) . For w =([6][6,].--.[6.]) e G.(H*(A)) define
M =([46,].[#6,].....[#0.]) - We denote the orbit of W € G, (H?(A,J)) under the action
of Aut(A)by Orb(W).
Given W =([6,].[6,]....[ 6.

)W =([1].[0,],--[0.]) G (H?(AD)) , we easily have
that if W, =W, , then ﬂ Ann(6,) N Ann(A) :ﬂ Ann(v,) N Ann(A), and therefore we can
i=1 i=1

introduce the set
T.(A) :{W =([6].[6,],--[6.]) e G,(H* (AL )):ﬁAnn(@i) ~ Ann(A) :o},

Which is stable under the action of AUt(A) .
Now, let V be an S-dimensional linear space and let us denote by E(A,V) the set of all

non-split S-dimensional central extensions of Aby V . By above, we can write

E(A,V):{AH:Q(X, y):ia(x, y)e, and <[91],[:92],...,[<95]>eTS(A)}.

We also have the following result, which can proved as in [21, Lemma 17].

Lemma 4.Let Ay, A € E(A\V). Suppose that O(x,y) = ZS:Q (X, y)e a

i=1

nd o(x, y):ZUi(X’ y)e, . Then the noncommutative Jordan algebra A, and A are
i=1
isomorphic if and only if

Orb([61[6,]....[6.]) =Orb([u].[1]....[v]).
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This shows that there exists a one-to-one correspondence between the set of AUt(A) -orbits

on TS(A) and the set of isomorphism classes of E(A,V) . Consequently we have a

procedure that allows us, given a noncommutative Jordan algebra A" of dimension N—S,

to construct all non-split central extensions of A'.
This procedure is:

Procedure
1) For a given noncommutative Jordan algebra A" of dimension N—S, determine

H?(A,[), Ann(A) and Aut(A).
2) Determine the set of Aut(A)-orbits on T,(A).

3) For each orbit, construct the noncommutative Jordan algebra associated with a
representative of it.

1.2. Notations. Let A be a noncommutative Jordan algebra with a basis €,€,,...,€,. Then

by A;; we denote the bilinear form A; : Ax A—[1 with A; (€,,€,) = 5,0, . Then the set

{ A;1<i,j< n} is a basis for the space of the bilinear forms on A. Then every

@ eZ?(A) can be uniquely written as & = Z C;A;j , where Cj € . Let us fix the

I<i, j<n
following notations:
Sij --- jthi-dimensional nilpotent noncommutative Jordan algebra with identity
xyz=0
Sij --- jthi-dimensional nilpotent “pure” noncommutative Jordan algebra (without
identity XyZ=0)
3, - i-dimensional algebra with zero product
(A); ; —— jthi-dimensional central extension of A.

1.3. The algebraic classification of 3-dimensional nilpotent noncommutative
Jordan algebras. There are no nontrivial 1-dimensional nilpotent Jordan algebras. There
is only one nontrivial 2-dimensional nilpotent Jordan algebra (it is the non-split central
extension of 1-dimensional algebra with zero product):

Sgl . (31)211 . 68 =6
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Thanks to [6] we have the description of all central extensions of S(Z)l* and 32 . Choosing

the Jordan algebras from the central extensions of these algebras, we have the classification
of all non-split 3-dimensional nilpotent Jordan algebras:

3
S02

3*
S03
Su(d)

‘501

(32)3,1 . €6,=6; €,6 =6

(32)3,2 . 6€,=6; €,6=-6€

(32)33 . 66 = /Ie3 €,6, =6 €,6, =6
~2*
Soi)si - €66, =6, €6,=6; €, =6

1.4. 1-dimensional central extensions of 3-dimensional nilpotent
noncommutative Jordan algebras.

1.4.1.

The description of second cohomology spaces of 3-dimensional nilpotent

noncommutative Jordan algebras: In the following table we give the description of the
second cohomology space of 3-dimensional nilpotent noncommutative Jordan algebras

Z*'(A) B*(A) H*(A)

<A11’ A + Ay, A131> <A11> <[A12] +[A, ] [A], >
Ag+Ag,Aq, A [A5]+[A51.[A5],[As]
<A11, Ay Ay + A31,> (A, +Ay) <[A11] [AL1+[A] >
Ay, Ay Ay + A [A50 ][22 1 [A ] +[As]
Ay Ay Ay = Agy, <A12 - A21> [ALLIAL]-[A]
<A21! Appr Ay — Ay > < [A L [A,LIA:]- [A32]>

<A11’ 12 21vA22>

<A11’A12 + AZl’
A13 + AZZ + A31

<ﬂA11 +A, + A22> <[A 1 AL] [A22]>
([a

<A111 A, + A21> ] H[AR]+ [A31]>

where 33, =32 @[ e,.

1.4.2. Central extension of 33; Let us use the following nonations:

= [Alz] + [A21]’ v2

= [A13]’ Vs

= [Azs] + [Asz]’ V,= [A31]’ V= [Ass]-

The automorphism group of Sg; consists of invertible matrices of the form

https://ejedl.academiascience.org
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x 0 0
d=ly x> U
z 0 v
Since
0 o o, a o a,
lay 0 alpg=|ag 0 a
a, o, o a, o, o,

5 5
the action of Aut(3;;) on subspace <Z aiVi> is given by <Z oV, > , where

i=1 i=1
a, = X (Xa, + 2a,);
a, =U(Xa, + za,) +V(Xa, + Yo, + 2a);
a; = Xva;
a, =U(Xa, + 2a,) +V(Xa, + Yo, + 2a);
a; =2Wa, +Va,.
It is easy to see that the elements V, and &,V, +a,V, + &V, give us algebras with 2-

dimensional annihilator, which were described before. Since we interested only in new
algebras we have the following cases:

(1) o, # &, then:

(@) if o5 # 0, then choosing x = G~ y = X(as0n — ;) 7= _ e
) 2 ) 1
o4} O3 O3

U= _\zlﬁ . we have the representative <V3 + V4>-
s

(b)ify =0, then @, #0 and:

2

o, —Qa X, — o ViXa, + 2L

(ifoy # 0, then choosing XZM,VZM,U Z—M,
s O 3

we have the representative <V1 +V,+ V5>.
X’a, va,

(iif &g = 0, then choosing V=————,U=——", we have the representative
a,—a, a,
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(V,+V,).
(2) a, =, then:
(a) if @3 # 0, then choosing 7z = — X Y = _ X, 20 u=— Vs , we have the
a; a 20,

representative <V3 >
V(Xa, + Zox)

(b)ifa, = 0, then o, * Oand choosing y = .
al

. we get the

representatives <V1 & V5> and <Vl> depending on whether ¢; =0 or not. Since

V. gives an algebra with 2-dimensional annihilator, we have only representative
(V,+Vs).
Now we have five new 4-dimensional nilpotent noncommutative Jordan algebras

~3*
constructed from J; :

~A SA A A A4

~S023 23031 ~S04 ~S051 ~06
The multiplication tables of these algebras can be found in Appendix.

1.4.3. Central extension of ng . Let us use the following notations:
Vi=[Aul Vo =[Ap]+1Vyl Vi=[An], Vi =[Ay] Vi=[Ax]+[Ag]

The automorphism group of ng consists of invertible matrices of the form

x 0 0 O u 0
6=|0 v 0| or =y 0 O
Z W Xv Z W uy
Since
a 0 a, a,X? +20,X2 a a, XV
Ala, a o |d=| & +axv  aV +2a VW o XV’
a, a 0 a, X’V A XV? 0

i=1 i=1

5 5
the action of Aut(sgz) on subspace <Z aiVi> is given by <Z oV, > , where
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a, =a, X’ +2a,Xz;
a, = o, X°V;

o, = XV,

a, =,V + 20WW;
oy = A XV,

Note that (052 : 0(5) * (0, 0) and since

a, 0 «a, a,y’ +20.y2 a azy’u
hla, a, o |g=| o —ayu U’ +2a,uv a,yu’
a, o 0 azy°u a,yu’ 0

We can always assume &, # 0.
Thus, we have the following cases:
(1) & #0,then:

() if &g # 0, then choosing x = ﬁ,v = &, 7= X% W= _Ve, , we have the
a, o 2c, 20
representative <V2 +V,+V, >
(b) ifo; = 0, then:
. . O, a3,2 Xal
ita, 0, then choosing X=—,V= yZ=——=, we have the
a, a,a, 201,
representative <V2 +V,+V, >
Gifa, = 0, then choosing x = ﬁ, 7 =— X, . we have the representative
a, 2a,
(V,+V,).
(2) &3 =0, then:
c 0 g X, X, Vo,
(a) if &5 # Y, then choosing v = Z=— W =— , we have the
a; 2a, 20

representative <V2 +V, > :

(b) ifo; = 0, then choosing z = — ;al . we have the representatives <V2> and
o,

<V2 +V 4> depending on whether @, =0 or not.

https://ejedl.academiascience.org
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Now we have six new 4-dimensional nilpotent noncommutative Jordan algebras

~3*
constructed from J,:

~4 A~ A 4 ~4

~So73~3083 ~3095 ~3101 110~
The multiplication tables of these algebras can be found in Appendix.

1.4.4. Central extension of 38; Let us use the following notations:
Vi=[au] Vo =[85]-[A5], Vi=[An] V,=[A%] Vs=[A5]-[A].
The automorphism group of Sg; consists of invertible matrices of the form
X U 0
g=|y Vv 0
Z W XvV—yu

Since

a, 0 o a, a a,

P | «a a, a.l|lp=|-a +a, a, a.
3 4 5 3 4 5

-a, —oa; O -a, -a;. O

5 5
the action of Aut(J;) on subspace <Z aiVi> is given by <Z oV, > , where
i=1 i=1
o, =a X’ +axy +a,y;
a; = (a, X+ azy)(xv — yu);
o, = 20,UX + i, (XV + YU) + 20, YV;
a, =oU’ + v+ a,V;
o = (a,u+aV)(Xv —yu).
Since (0!2 : 065) * (O, O) , we have the following cases:
(1) o= 0, then choosing u =0, we have
a, =a, X’ +aXy +a,y’;
a, = a,XV;
o, = XV + 2a, )V,
a, =a,\V;
a; =0.
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@ qy=0;=0, = 0, then we have the representative <V2 >

(b) a,=0,;= 0, Qa, * 0, then choosing v = ﬂ, we have the representative
&,
(V,+V,).
(© a,= 0, o, # 0,then choosing x = &, y = _ﬁ, we have the representative
a, a;
(V,+V,).
@ a, # 0, then:
N ) _ X, X’a,
Difda,a, — a; =0, then choosing Y =——=,V=——=, we have the
20, a,
representative <V2 +V 4>.
daja, — o’ Vor X
(ii)if40{10(4 - 0{32 # 0, then choosing V = = M= == y= —— we
4a,a, a, 2a,

have the representative <V1 +V,+V 4>.

(2) a5 = 0, then choosing v = — U, , we have
Oy

* 2 2.
o, —0(1X +053X)/+054y ,

__(aXtagy) |

2 1

s
« 2000 — 0,0, QR0 — 205,00,
a, = X+ y)u;
s s
. alaé —Q,0,0: + a22a4 9.
a, = . u’;
s
a, =0.
(a) a, =0,
()a; = 0, a, = 0, then we have the representative <V2 > .
2
Q0 _ O 0 . _ _ y aS .
(i), =0, #0, then choosing X =0, U=—-—>, we have the representative
a
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(V,+V,).
(iii) ¢, # 0, oyt — 1,01, =0, then choosing x =0, y = ~% we have the
s
representative <V2 + V3>.
a

(IV) a3 # Ol a1a5 - aza:g * 0, then choosing X= 1,
205 - 2, 5)

2
_ X(ala5 — azas) u=

s o 2(a0 — a,ty)
(V,+V,+V,).
b) a,#0,

, we have the representative

y:

. 2 2 .
() e, — 2a,01, = 0,068 — abex, =0, then choosing u = — 4 we have the
s

representative <V1 +V, >

Ja(@d - dia,)

2 1
s

. 2 2 :
(i) oo — 20,2, = 0,000 — o, # 0, then choosing y =
a .
x =0, u=——% we have the representative <V1 +V, + V4>.
2
(iii) o0, — 20,1, # 0,08 — 0,0, + az o, =0, then choosing x = %,
5

_ X0, — 505 , we have the representative <V2 + V3>.

a0,
(iv) e, — 2a,0x, # 0,08 — a0, + o, # 0, then choosing

_ O

—2a.x g . . S
175 x, we get the representatives <a1 V,+a,V,+a,V 4>.
a0 — 20,0,

It gives us the representatives <V2 +V 4> and <V1 +V,+V 4> depending on
whether 4o, — a2 =0 or not.
Thus, we have the following representatives of distinct orbits <V2 > , <V1 +V, > ,
<V2 i V3> , <V2 +V 4> and <V1 +V,+V, > , which give five 4-dimensional nilpotent

. 3*
noncommutative Jordan algebras constructed from J,:
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~4 4 ~A ~4 ~4

‘513’ ‘514 ! ‘515 b ‘slG ’ ‘517 )

The multiplication tables of these algebras can be found in Appendix.

1.5. The algebraic classification of 4-dimensional nilpotent noncommutative
Jordan algebras. Now we are ready to state the main result of this part of the paper. The
proof of the present theorem is based of the classification of

3-dimensional nilpotent noncommutative Jordan algebras and results of Section 1.4
Theorem A.There are only 18 non-isomorphic 4-dimensional nontrival nilpotent
noncommutative Jordan algebras, described explicitly in Apendix A.

2. The geometric classification of nilpotent noncommutative Jordan algebras

2.1. Definitions and notation. Given an n-dimensional vector space V , the set

Hom(V ®V,V) =V ®V ®V is a vector space of dimension N, This space has the

3
structure of the affine variety [] " . Indeed, let us fix a basis €,€,,...,€, of V . Then any

peHomM(V ®V,V) is determined by N structure constants ci €] such that
u(e ®e;)= Zci';ek . A subset of HOM(V ®V V) is Zariski-closed if it can be defined by
k=1

a set of polynomial equations in the variables ci'; @<i, j,k<n).
Let T be a set of polynomial identities. The set of algebra structures on V satisfying

polynomial identities from T forms a Zariski-closed subset of the variety Hom(\/ QV ,V)
. We denote this subset by L(T) . The general linear group GL(V) acts on L(T) by

conjugations:
(9*u)(x®Y)=gu(g x®g"y)
forX,Y€V,ueL(T)cHom(V ®V,V) and g € GL(V). Thus, L(T) is decomposed into

GL(V ) -orbits that correspond to the isomorphism classes of algebras. Let O(,U) denote
the orbit of 4 € L(T) under the action of GL(V) and O() denote the Zariski closure of

O(n).
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Let A and B be two N -dimensional algebras satisfying the identities from T, and let
,U,i € L(T) represent A and B, respectively. We say that A degenerates to B and write

A — Bif 4 € O(u) . Note that in this case we have O(1) < O(u) . Hence, the definition
of a degeneration does not depend on the choice of zzand A.If A # B, then the assertion

A — B is called a proper degeneration. We write A - Bif 4 & O(w).
Let A be represented by U € L(r) Then A is rigid in L(T) if O(,U) is an open subset of

L(T) . Recall that a subset of a variety is called irreducible if it cannot be represented as a

union of two non-trivial closed subsets. A maximal irreducible closed subset of a variety is
called an irreducible component. It is well known that any affine variety can be represented
as a finite union of its irreducible components in a unique way. The algebra A is rigid in

L(T) if and only if O( ) is an irreducible component of L(T) .
Given the spaces U and W , we write simply U >W instead ofdimU > dim W .

2.2. Method of the description of degenerations of algebras. In the present work
we use the methods applied to Lie algebras in [4.17,18,38]. First of all, if A—>Band A% B

, then DGI’(A) < Der(B) , where DGI’(A) is the Lie algebra of derivations of A . We
compute the dimensions of algebras of derivations and check the assertion A — B only
for such A and B that Der(A) < Der(B).

To prove degenerations, we construct families of matrices parametrized by t. Namely, let

A and B betwo algebras represented by the structures 4 and A from L(T) respectively.

Let €,,€,,...,€, be basis of V and Ci'; (A<i, j,k <n) be structure constants of A in this

basis. If there exist @/ (t) e[ (t)(1<i, j<n,t €[l ") such that

n . . .
Eit = Zaij (t)e j (L<i<n)form abasis of V forany t €l *, and the structure
i1

. . t t t . .
constants of £ in the basis E,E,,...,E, are such rational functions c;(t) e[1[t] that

Ci'Jf (0)=c’, then A —B. In this case EI,E;,...,Et is called parametrized basisfor

ij ? n

A—>B.
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Since the variety of 4-dimensional nilpotent noncommutative Jordan algebras contains
infinitely many non-isomorphic algebras, we have to do some additional work. Let

A(*) Z{A(Ol)}wEI be a series of algebras, and let B be another algebra. Suppose that for
ae |,A(0() is represented by the structure ,U(Ol) € L(T) and B is represented by the
structure A . Then we say that A(*) >Bif 1 e{0O(u(a)}, and A(¥)»B if

A £{0(u()a)},., -
Let A(*),B,,U(OC),(OK € |) and A be as above. To prove A(*)—>B it is enough to

el

construct a family of pairs (f (t),g(t)) parametrized by ted” , where f(t) €l and
g(t) € GL(V). Namely, let €,€,,...,€, be basis of V and Ci'Jf (1<1, j,k <n) be structure

constants of A in this basis. If we construct &' :[]* =[] (1<i,j<n) and f:0" —1

n
such that Eit = Zaij (t)e i (L<i<n) form a basis of V for any tell *, and the structure
j=1

constants of i, 10 the basis Elt, E;,..., Ert] are such rational functions Ci'; (t) eI [t] that

c;(0)=c;, then A —B. In this case E;,E.,...E; is called parametrized basis and a

ij?
parametrized indexfor A(*) - B, respectively.
We now explain how to prove A(*) - B. Note that if DE!’A(O!) >DerB forall ¢ e |

then A(*) - B. One can use also the following generalization of Lemma from [17], whose
proof is the same as the proof of Lemma.

Lemma 5.Let B be a Borel subgroup of GL(V ) and RC L(T) be a B -stable closed
subset. If A(*) —B and for any o € | the algebra A(Ol) can be represented by a

structure ,U(Ol) eR , then there is A € R representing B .

2.3. The geometric classification of small dimensional noncommutative Jordan
algebras. Thanks to the description of all degenerations and orbit closures in the varieties
of all 2-dimensional algebras [31] and all 3-dimensional nilpotent algebras [14], we have the
following statements.
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Lemma 6.The variety of complex 2-dimensional noncommutative Jordan algebras has two
irreducible components defined by the following algebras:

E,(0,0,0,0): eg =€ ee, =6,

E. () : ee =e ee,=(l-a)e +ae, ee, =ae +(1-a)e, ee, =¢,
Lemma 7.The variety of complex 3-dimensional nilpotent noncommutative Jordan
algebras has two irreducible components defined by the following algebras:

35(1) : ee =1e, ee =e, e, =¢,

3 : _ _ —
S01 . elel - eZ e182 - e3 e261 - eS

2.4. Rigid N -dimensional nilpotent noncommutative Jordan algebra. As follows
from [3], every one generated noncommutative Jordan algebra is associative; and from [32],
we conclude that an one generated algebra can not stay in the orbit closure of a non-one
generated algebra (or a family of non-one generated algebras). Then, summarizing we have
the following lemma.

Lemma 8.Any N -dimensional one generated nilpotent Jordan algebra is commutative
and it is isomorphic to the following algebra

3" cee =e,;, 1<i,j<n, i+j<n.

i+j?

The algebra 3" s rigid in the variety of complex N -dimensional nilpotent
noncommutative Jordan algebras.

2.5. The geometric classification of 4-dimensional nilpotent noncommutative
Jordan algebras. The main result of the present section is the following theorem.

Theorem B.The variety of complex 4-dimensional nilpotent noncommutative Jordan
algebras has dimension 14. It is definded by 3 rigid algebras and two one-parametric

families of algebras, and can be described as the closure of the union of GL4 (D )—orbits of
the following algebras o €[] :

3,(a) :ee =6, ee,=¢, 8,6 =—ae, 6,8, =-€,

J;(a) 1 ee =e, ee,=ae, 6,6 =—ae, e, =—¢,

Iy, 1 €6, =6 B6, =€, 6,8 =616, 6,6,=€, 6, =€, 6,6, =€,
3., 1 ee=e,ee=e

~4

‘518
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Proof. The variety of 4-dimensional noncommutative Jordan algebras has two principal
subvarieties: 4-dimensional 2-step nilpotent algebras and 4-dimensional Jordan algebras.
Recall that the full description of the degeneration system of 4-dimensional 2-step nilpotent
algebras was given in [29]. Using the cited result, we can see that the variety of 4-
dimensional non-pure noncommutative Jordan algebras has two irreducible components
given by the following families of algebras:

J,(a) 1 eg =6, ee,=¢€, 6,6 =—0€, £, =—€,

3;(a) eg =¢e, ee,=ae, 6,6 =—ae, 6,6, =€,
Thanks to [14], the variety of 4-dimensional nilpotent Jordan algebras is defined by two
rigid algebras: J;,and Jj;.
Now we can prove that the variety of 4-dimensional nilpotent noncommutative Jordan
algebras has five irreducible components. Thanks to Lemma 8, the algebra st is rigid .

One can easily compute that Der I3, = 2 and Der 3, = 4. It is follows that J,, 5 3y, .

The list of all necessary degenerations is given in Table B (see Appendix A) and all needs
arguments for non-degenerations are given below:

Non-degeneration Arguments
337 +3,(a), 35 (), 337 SR:{Azz c A, A32 =0, C132 = Cgl’ C143 :C:?l’ ng :ng}
Sf? -+ 3, (), 3,(a) SR:{'6‘32:0’(:121: C131:02220}

APPENDIX A. Table A.The list of 4-dimensional “pure” nilpotent noncommutative Jordan algebras.
TJs, 0 ee =e, ee, =e, €,e=e,

T, 1 ee =e, e,e, =e, ee,=e, e.e =e,

T, 1 ee =e, ee, =e, ee=e, e.e =e, e,6; =6,

s, 1 ee =e, ee, =e, ee=e, e.e,=e,

385 68 =6, 6,6;=€, €,6,=€,

o, 1 ee =e, ee, =e, e,e=e, e.e;=e,

J5, 1 ee, =e, ee,=e, e,e=e,+¢e, e,e,=e, e;e, =e, e;e,=e,
Tos 1 €6, =€, ee,=e, e, =e,+e, e,e,=e, e,e=e,

Tg, €€, =€, 66, =, €,e=e,+e, e.e, =e,

Sfo P68, =83 66; =€, €,6 =6 €,6;=€, €6, =€, €8,=¢€,
37,1 ee, =e, ee,=e, ee=e, e.e, =e,

~4 . _ _ _ _ _

35, 1 ee, =e,ee,=e, e,=€, €,6,=€, €,6=6,

~4 o _ _ _ _

3 1 ee, =e, ee,=e, e =—e€, e.e,=—e,

~4 . —

<3, - €6 =¢e, ee, =e; ee;=¢e, e,e, =—¢€e; e,e,=—¢,

I ee,=e, ee,=e, ee=—e,+e, €.=—¢,
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S - €6, =6;€66,=¢, 6,6 =—6; e,e,=€, €6 =—¢,
4 . i _ . _ _ _
<57 - €€ =€, €€, =6€; €€;=€, €,6,=—€; €,6,=€, €8 =—-6€,

4 . _ _ _ _ _ _
Iy €6 =6, 66, =6, 6,=€, €,6=6, 6,6,=€, 6€=6,

Table B. Degenerations of nilpotent noncommutative Jordan algebras of dimension 4.

~4 ~4 1 1 1 1 1 1
33

o7 7> | E =St o608 E;:—Ee3—5e4 E. =te, Ej:—Ete4
I >3 1 2t+1 2t-1
Sog ™ o3 Elt =te, -|-§e2 E; =te, -|-Te4 E; —te, +T€3 EZ :t2e4
S>3, | El=te, E,=te, E;=te, E,=t%,
~4 ~4 2
Yo e | B = (12 +1)e, +te, +%e3 E; =te, . +1e3

E; =t(t* +1)e, +%e4 E; =t(t> +1e,
337 —>339 E =¢ E=t,, E=te, E =t
3. -3 | El=t'e, E,=tTe, E,=t7, E;=t7%,
3,3, | El=¢ Ej=t"e, E,=t'e, E,=teg,
3.3, | EE=t'e E,=e, E,=tTe, E,=tTe,
3 > 3% | El=2ie, -2, El=te, E!=2ite,—2te, E.=—4te,
3y o3 | E=t'e E =t Ej=t'e E,=tTe,
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